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Abstract
It has been shown earlier that Noether symmetry does not admit a form of F(R) corresponding to an action
in which F(R) is coupled to scalar-tensor action for gravity or even for pure F(R) gravity taking anisotropic
model into account. Here, we prove that F(R) theory of gravity does not admit Noether symmetry even if it is
coupled to Tachyonic field and considering a gauge in addition. To handle such a theory, a general conserved
current has been constructed under a condition which decouples higher order curvature part from the field
part. This condition in principle, solves for the scale factor, independently. Thus cosmological evolution
remains independent of the form of the chosen field, whether it be a scalar or a tachyon.
PACS 04.50.+h
1 Introduction
Interest in F (R) theory of gravity has increased predominantly in recent years since it appears to explain most
of the presently available cosmological data unifying early inflation with late time cosmic acceleration (see [1] and
[2] for recent reviews and also references therein). However, most of these interesting results are the outcome of
scalar tensor equivalence under some arbitrary choice of the form of F (R). It is therefore important to test if the
same results are obtainable from F (R) theory of gravity without invoking scalar tensor equivalence. But then,
how to choose a form of F (R) out of indefinitely large number of curvature invariant terms and to find exact
solutions are big questions. From physical ground viz., to obtain a renormalizable theory of gravity, a form of
F (R) = αR+βR2+ γRµνR
µν had been found in the context of early universe, which contains ghosts [3]. A ghost
free action has also been presented in recent years [4, 5]. Likewise, the only physically meaningful technique to
obtain a form of F (R) that migght explain late time cosmological evolution is to invoke Noether symmetry as a
selection rule. This requires canonical formulation and for a general F (R) theory of gravity it is only possible
treating R as an auxiliary variable, provided F ′′(R) 6= 0 (here, dash represents derivative with respect to R).
In the process, it is possible to construct a point Lagrangian, and one can demand Noether symmetry to find a
suitable form of F (R). Following this technique, several authors [6, 7, 8, 9, 10] have found F (R) ∝ R 32 in the
Robertson-Walker metric both in vacuum (ρ = p = 0) and pressureless dust (p = 0). Although such a form of
F (R) shows accelerating expansion in the matter dominated era (p = 0), nevertheless, early decelerating phase
tracks as a ∝ t 12 in the matter dominated era instead of usual t 23 and a ∝ t 43 in the radiation dominated era
(p = ρ3 ) instead of usual t
1
2 , creating problem in explaining structure formation [11]. Thus R
3
2 alone, in the
absence of a linear term in the action, does not worth explaining presently available cosmological data [11]. It
has been also noticed [11] that instead of the scale factor a , if one would have started with the basic variable
hij = z = a
2 , then z becomes cyclic both in vacuum and matter dominated era and therefore such symmetry
is independent of the choice of configuration space variables. Thus Noether symmetry obtained in the process is
in-built and trivial. Situation could have been improved if Noether symmetry would allow linear term R in the
action, but it does not. To obtain a better form of F (R), scalar field has been incorporated both minimally and
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non-minimally, but even then Noether symmetry remains absent [12].
Despite the fact that Noether symmetry yields nothing other than F (R) ∝ R 32 in vacuum or in matter dom-
inated era and that too only in isotropic space-time, some authors have recently claimed [13] to have obtained
arbitrary form of F (R) taking into account a gauge term in the Noether theory. Note that the theory of gravity
is very special in the context that it admits reparametrization invariance leading to the (00) equation of Einstein
or the so called Hamiltonian constraint equation H = 0. This reparametrization invariance is not reflected in
Noether equations. Thus, solution obtained from Noether equations, viz., the conserved current must satisfy the
Hamilton constraint equation. It has been shown that the result [13] is not true, since neither all the Noether
equations nor the Hamilton constraint equation is satisfied for such symmetry [14]. More recently, there is yet
another claim [15] that gauge Noether symmetry yields F (R) ∝ R2 taking tachyon field into account. It is
important to review this fact since in our earlier works [11, 12] tachyon field had not been accounted for.
Rolling tachyon condensates originated from string theories and have interesting cosmological consequences
[16] particularly because its equation of state parameter (w = pTρT = −[1− φ˙2], ρT =
V (φ)√
1−φ˙2
, pT = −V (φ)
√
1− φ˙2 )
smoothly interpolates between 0 and −1 [17]. As a result, it behaves like pressureless dust and cosmological
constant in the limits. Such a nice feature initiated to construct viable cosmological models treating tachyon as the
inflaton field by coupling it minimally to the gravitational field taking different self-interacting potential densities,
in the form of power law, exponential and hyperbolic functions of the tachyon field [18]. Nevertheless, such models
have been found to suffer from serious disease associated with density perturbations and reheating [19]. Tachyon
fields with such kinds of potential densities were also used in order to describe the present accelerating period
of the universe, where it behaves as dark energy [20]. Further, it has been observed that a tachyon field with
an exponential potential plays the role of inflaton in the early universe and dark energy at the late [21]. Thus
it appears to be a good candidate to explain late time cosmological evolution. Nonetheless, present observations
suggest that the state parameter might even cross the phantom divide line w < −1, which is not realizable under
minimal coupling. Such crossing may be possible if the tachyon field is non-minimally coupled to the gravitational
field, which already exists in the literature [22, 23]. Another possibility appears if the tachyon field is coupled
to F (R) theory of gravity, which is our present concern. We therefore, in following sections, proceed to check if
F (R) theory of gravity being coupled to tachyon field admits Noether symmetry. The result we find is null, since
the conserved current thus obtained does not satisfy the Hamilton constraint equation. This completes our ‘Tour
de Noether symmetry’ of F (R) theory of gravity, which now states that F (R) theory of gravity only admits the
trivial symmetry F (R) ∝ R 32 in vacuum or matter dominated era and that too in isotropic space-time only.
In view of the above discussion, we organize the present work in the following manner. In section 2, we review
gauge Noether symmetry of F (R) theory of gravity being coupled to tachyonic field to show that indeed such
symmetry is not admissible. In section 3, we take up a more general action and attempt Noether symmetry once
again but in vain. At this end we would like to mention that on the contrary, starting from F (R) = R2 , a-priori,
Noether symmetry is obtainable for a scalar-tensor theory of gravity [24] which we have not been able to recover.
This is important, since R2 is special in the sense that the corresponding action is scale invariance which is also
somewhat related to Noether symmetry [25]. In section 4, we briefly enunciate our view in this regard. Section
5 is devoted to construct a general conserved current and to explain its utility in extracting solutions choosing
arbitrary form of F (R). In view of such conserved current, we show that the form of the field in no way dictates
the cosmological evolution, rather it depends only on the form of F (R) chosen. Finally, in section 6, we find the
constraint to recover Newtonian limit for such an action under weak field approximation. Section 7 concludes the
present work.
2 Action, field equations and Noether equation
Among all the dynamical symmetries, transformations that map solutions of the equations of motion into solutions,
one can single out Noether symmetries as the continuous transformations that leave the action invariant - except
for boundary terms. In formal language, Noether symmetry states that, for any regular system if there exists a
vector field X(1) , such that,(
£X(1) +
dη
dt
)
L =
(
X(1) +
dη
dt
)
L =
dB
dt
, (1)
2
in the presence of a gauge function B(qi, t), where X
(1) is the first prolongation of the vector field X given by,
X(1) = X +
∑
i
[
(α˙i − η˙q˙i) ∂
∂q˙i
]
& X = η
∂
∂t
+
∑
i
αi
∂
∂qi
, (2)
with, αi = αi(qi, t), η = η(qi, t), then there exists a conserved current,
I =
∑
i
(αi − ηq˙i)∂L(qi, q˙i, t)
∂q˙i
+ ηL(qi, q˙i, t)−B(qi, t) =
∑
i
αipi −B(qi, t)− η(qi, t)H(qi, pi, t). (3)
In some earlier works [14, 26] it has been shown that under infinitesimal co-ordinate and temporal transformations
(q′i = qi + ǫαi(qi, t) and t
′ = t + ǫη(qi, t)) time dependence may be introduced in a Lagrangian which does not
contain time explicitly, through a time dependent gauge function. Invariance of Hamilton’s principal function
finally yields,
∫
L(qi, q˙i, t)dt =
∫
L(qi, q˙i)dt− ǫ d
dt
∫ [
η
(
L(qi, q˙i, t)−
∑
q˙i
∂L(qi, q˙i, t)
∂q˙i
)
+
∑
αi
∂L(qi, q˙i, t)
∂q˙i
−B(qi, t)
]
dt
=
∫
L(qi, q˙i)dt− ǫ d
dt
∫ [
−ηH +
∑
αipi − B(qi, t)
]
dt,
(4)
retaining only up to first order term in Taylor expansion. It is apparent that the conserved current (3) may be
obtained from (4) only if the Lagrangian in the left hand side and that in the right hand side of the above expression
(4) get cancelled. This is possible provided the Lagrangian appearing in the left hand side is time independent.
Remember that time dependence has been generated in the Lagrangian only through a time dependent gauge
function B(qi, t) [14]. Thus for a time independent Lagrangian (as in the case of gravity under consideration),
the gauge function has to be time-independent as in the case of harmonic oscillator. Further, it is known that
Noether integral is the Hamiltonian for the trivial Noether point symmetry ∂∂t . Other way round, the Hamiltonian
is the generator of time translation and so conservation of the Hamiltonian requires η to be constant. Further, in
gravity, the Hamiltonian is not only conserved, but it is constrained to vanish. As a result, η does not play any
significant roll in Noether symmetry as is clearly observed from equation (4) and may even be set equal to zero.
Time independence of the Lagrangian, the gauge term and η automatically enforces time independence of αi . In
the process, the integral of motion (3) reduces simply to
I =
∑
i
αi(qi)pi −B(qi). (5)
Essentially if gauge turns out to be zero while solving Noether equations, the integral of motion remains the same
as for Noether symmetry without gauge and no new result is expected. Although, it is clear that time translation
is unnecessary, still we keep it explicitly in the following, to keep track with the earlier work [15] performed in this
context.
Now, considering Robertson-Walker line element
ds2 = −dt2 + a2
[
dr2
1− kr2 + r
2dθ2 + r2 sin2 θdϕ2
]
, (6)
the following Born-Infeld effective 4-dimensional action for a rolling tachyon field φ with Lagrangian density
L(φ) = −V (φ)√1 + ζφ,µφ,µ being minimally coupled to F (R)
A =
∫
d4x
√−g
[
F (R)− V (φ)
√
1 + ζφ,µφ,µ
]
, (7)
leads to a point Lagrangian
L = 6aa˙2F ′ + 6a2a˙R˙F ′′ + a3(F ′R− F ) + a3V (φ)
√
1− ζφ˙2, (8)
3
for the spatially flat (k = 0) case, treating
R = 6
(
a¨
a
+
a˙2
a2
)
, (9)
as a constraint of the theory and effectively spanning the Lagrangian by a set of configuration space variables
(a,R, φ, a˙, R˙, φ˙, ). In the above action ζ is treated as the coupling constant required to make the kinetic part of
the action dimensionless. For the above point Lagrangian the Noether equation (1) reads,
α
[
6a˙2F ′ + 12aa˙R˙F ′′ + 3a2(F ′R− F ) + 3a2V
√
1− ζφ˙2
]
+ β
[
6aa˙2F ′′ + 6a2a˙R˙F ′′′ + a3RF ′′
]
+ γ
[
a3V,φ
√
1− ζφ˙2
]
+
[
(α,t − a˙η,t) + α,aa˙+ α′R˙+ α,φφ˙− η,aa˙2 − η′a˙R˙ − η,φa˙φ˙
]
[12aa˙F ′ + 6a2R˙F ′′]
+
[
(β,t − R˙η,t) + β,aa˙+ β′R˙+ β,φφ˙− η,aa˙R˙− η′R˙2 − η,φR˙φ˙
]
[6a2a˙F ′′]
+
[
(γ,t − φ˙η,t) + γ,aa˙+ γ′R˙+ γ,φφ˙− η,aa˙φ˙− η′R˙φ˙− η,φφ˙2
] − ζa3V φ˙√
1− ζφ˙2


+
[
η,t + η,aa˙+ η
′R˙+ η,φφ˙
][
6aa˙2F ′ + 6a2a˙R˙F ′′ + a3(F ′R− F ) + a3V
√
1− ζφ˙2
]
= B,aa˙+B
′R˙+B,φφ˙+B,t,
(10)
where, dash (′) represents derivative with respect to R . Note that we have kept both time translation and a time
dependent gauge function to track with the work performed by Jamil et al [15]. Now, equating coefficients as
usual, we obtain a large over-determinant set of Noether equations for F ′′(R) 6= 0. These are
η,a = η
′ = η,φ = 0 (11)
α′ = α,φ = 0 (12)
β,φ = 0 (13)
γ,t = γ
′ = γ,a = 0 (14)
B,φ = 0 (15)
γ,φ − η,t = 0 (16)
6a2F ′′α,t = B
′ (17)
12aF ′α,t + 6a
2F ′′β,t = B,a (18)
a2(3α+ aη,t)(F
′R− F ) + a3βRF ′′ = B,t (19)
αF ′ + aβF ′′ + 2aα,aF
′ + a2β,aF
′′ − aF ′η,t = 0 (20)
2aαF ′′ + a2βF ′′′ + a2F ′′(α,a + β
′ − η,t) = 0 (21)
3αV + aγV,φ + aV η,t = 0 (22)
Before we proceed let us mention that if V (φ) = 0, the action (7) corresponds to pure F (R) theory of gravity,
for which nothing other than F (R) ∝ R 32 is possible [11]. In what follows, we shall assume V (φ) 6= 0 in equation
(22) and so it will never be possible to recover pure F (R) case. Now, in view of equations (11) through (15), it
is apparent that η = η(t), α = α(t, a), β = β(t, a, R), γ = γ(φ) and B = B(t, a, R). Therefore equation (16)
dictates that η may be at most linear in t . Thus equation (22) clearly states that α has to be time independent
(as γ is) and it should be linear in the scale factor a . Thus taking α = c4a , where c4 is a constant, it is clear
that β has to be independent of t and a in view of equations (20) and (21) and the gauge term B must be
independent of R as is apparent from equation (17). Further, since both α and β are time independent, therefore
the gauge term further becomes independent of the scale factor a in view of equation (18). Finally, equation (19)
is satisfied provided B 6= B(t). In the process the gauge term B turns out to be a constant and hence plays no
role in Noether symmetry. Thus one can set B = 0, without loss of generality. In view of the above analysis, we
now have,
η = c1t+ c3, α = c4a, β = β(R), γ = c1φ+ c2 and B = 0, (23)
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where, c1, c2, c3 and c4 are constants. Having obtained explicit forms of η, α and γ , we are now left to find the
explicit forms of β(R), F (R) and the potential V (φ) from the set of over-determinant equations (19) through
(22) which in view of (23) now get reduced to following four equations,
(3c4 + c1)(F
′R− F ) + F ′′Rβ = 0 (24)
(3c4 − c1)F ′ + βF ′′ = 0 (25)
βF ′′′ + F ′′(3c4 + β
′ − c1) = 0 (26)
(3c4 + c1)V + (c1φ+ c2)V,φ = 0 (27)
2.1 Reviewing Jamil et al’s work
Equation (27) may now be solved for the following form of the potential
V = V10(c1φ+ c2)
−
(
3c4+c1
c1
)
= c1V10
(
φ+
c2
c1
)−( 3c4+c1
c1
)
, (28)
V10 being a constant. However, the authors [15] claimed the following form of the potential
V = V0(φ+ φ0)
−4, (29)
which is possible only under the choices, V0 = c1V10 , φ0 = c2/c1 and in particular, c1 = c4 , which as we shall show
shortly, create severe problem. One can easily check that under the choice c1 = c4 , equation (26) upon integration
yields equation (25), provided the constant of integration is zero. Thus we are now left with two independent
equations (24) and (25) to find the form of F (R) and β(R). However, equation (25) now reads
βF ′′ = −2c1F ′. (30)
Now eliminating β between equations (24) and (30) one ends up with
F (R) ∝ R2 (31)
in a straightforward manner and β gets solved as β = −2c1R . At this end the authors [15] obtained two conserved
current I1 and I2 . I1 is the invariance under time translation, as stated correctly by the authors (here we point
out a typographical error in equation (31) of [15] . I1 should be I1 = τ
[
L− (a˙∂L∂a˙ + R˙ ∂L∂R˙ + φ˙∂L∂φ˙ )
]
instead, where
τ used in [15] stands for η here). Nevertheless, the third bracketed term is the Hamiltonian, which is constrained
to vanish. Thus if I1 = 0 is substituted in I2 (as already mentioned in section 2), the conserved current is simply,
I2 =
∑
αipi =

12F0R˙+ ζV0φ˙
(φ+ φ0)3
√
1− ζφ˙2

 a3. (32)
Conserved current is not an independent equation, rather it is the first integral of certain combination of the
field equations. Thus it is essential to check if the above conserved current obtained for F (R) = F0R
2 and
V = V0(φ+φ0)
−4 , satisfies the field equations, which was not performed by the authors [15]. Now the corresponding
field equations are
F0
[
2
a¨
a
+
a˙2
a2
+
R¨
R
+ 2
a˙R˙
aR
− R
4
]
+
V
4R
√
1− ζφ˙2 = 0. (33)
φ¨+ 3
a˙
a
φ˙− 3ζ a˙
a
φ˙3 +
V,φ
ζV
(1− ζφ˙2) = 0. (34)
5
H = F0[12aa˙
2R+ 12a2a˙R˙− a3R2] + a
3V (φ)√
1− ζφ˙2
= 0. (35)
It is not difficult to check that the above conserved current (I2 ) satisfies the field equations only under the trivial
condition R = 0 together with the condition V0 = 0, i.e., for vanishing potential, which leads to inconsistency,
since it has been restricted at the beginning. Thus F (R) ∝ R2 is not a symmetry of the action under consideration
and the work performed by Jamil et al [15] is completely wrong. One can even look at the consequence in a straight-
forward manner. It is well-known that for Noether point symmetry ∂∂t , the Noether integral is the Hamiltonian,
i.e., I1 is the Hamiltonian H . But here, I1 = ηH = (c1t+ c3)H . Thus unless η = 1, implying c1 = 0 and c3 = 1,
Hamiltonian is not obtained as the integral of motion. However, since c1 = c4 , it can not be set equal to zero
at this stage, as it makes α = β = 0 and γ = constant, while the form of the potential (28) becomes undefined.
Thus the Hamiltonian is never recovered as Noether integral. Therefore, to recover the Hamiltonian constraint
equation as an outcome of Noether point symmetry ∂∂t , one should start with c1 = 0 a-priori, which we consider
in the following subsection.
2.2 No need to consider time translation, so, η = c3 = 1.
It must have been clear by this time why earlier authors did not consider time translation. Likewise, if one starts
with η = 1, which implies c1 = 0 and c3 = 1, γ turns out to be a constant and may be set as γ = c2 = 1, without
loss of generality. thus equations (24) through (27) take the following forms,
3c4(F
′R− F ) +RF ′′β = 0 (36)
3c4F
′ + F ′′β = 0 (37)
βF ′′′ + F ′′(3c4 + β
′) = 0 (38)
3c4V + V,φ = 0 (39)
Now, just multiplying equation (37) by R and comparing it with equation (36), one can observe that F (R) = 0.
Thus search for a form of F (R) by imposing Noether symmetry in the action (7) went in vain.
3 In search of Noether symmetry for a more general tachyonic action
Having obtain null result in connection with Noether symmetry for Born-Infeld action being coupled to F (R),
let us now turn our attention to a more general action containing a linear curvature invariant term being non-
minimally coupled to Born-Infeld-F (R) action (7). However, as we have already mentioned that the gravitational
Hamiltonian is not only conserved but is constrained to vanish and therefore is a part and parcel of the Einstein’s
equation, viz., the (00) component, so time translation is overall unnecessary. Further, in all our earlier analysis
we have shown that a gauge term does not contribute to the Noether equations, since it becomes constant and
therefore may be set equal to zero. Therefore, in the following analysis neither do we consider time translation
nor a gauge term. In the Robertson-Walker line element (6) the following action
A =
∫
d4x
√−g
[
h(φ)R + BF (R)− V (φ)
√
1 + ζφ,µφ,µ
]
, (40)
leads to the point Lagrangian
L = 6aa˙2h+ 6a2a˙φ˙h,φ − 6kah+ B[6aa˙2F ′ + 6a2a˙R˙F ′′ + a3(F − F ′R)− 6kaF ′] + a3V (φ)
√
1− ζφ˙2, (41)
following the same technique as before. For the above point Lagrangian the Noether equation (1) reads,
α
[
6a˙2h+ 12aa˙φ˙h,φ − 6kh+ B[6a˙2F ′ + 12aa˙R˙F ′′ + 3a2(F − F ′R)− 6kF ′] + 3a2V
√
1− ζφ˙2
]
+Bβ
[
6aa˙2F ′′ + 6a2a˙R˙F ′′′ − a3RF ′′ − 6kaF ′′
]
+ γ
[
6aa˙2h,φ + 6a
2a˙φ˙h,φφ − 6kah,φ + a3V,φ
√
1− ζφ˙2
]
6
+
[
α,aa˙+ α
′R˙+ α,φφ˙
][
12aa˙h+ 6a2h,φφ˙+ B[12aa˙F ′ + 6a2R˙F ′′]
]
+
[
β,aa˙+ β
′R˙+ β,φφ˙
]
[6Ba2a˙F ′′]
+
[
γ,aa˙+ γ
′R˙+ γ,φφ˙
]6a2a˙h,φ − ζa3V φ˙√
1− ζφ˙2

 = 0, (42)
Now, equating coefficients as usual, we obtain the following over-determinant set of Noether equations
α′ = α,φ = 0 (43)
2αh,φ + aγh,φφ + ah,φα,a + ah,φγ,φ + BaF ′′β,φ = 0 (44)
γ′ = γ,a = 0 (45)
γ,φ = 0 (46)
B[3a2α(F − F ′R)− a3βRF ′′ − 6αkF ′ − 6βkaF ′′]− 6αkh = 0 (47)
αh+ aγh,φ + 2ahα,a + B[αF ′ + aβF ′′ + 2aα,aF ′ + a2β,aF ′′] = 0 (48)
2aαF ′′ + a2βF ′′′ + a2F ′′(α,a + β
′) = 0 (49)
3αV + aγV,φ = 0 (50)
3.1 Solutions
The above set of equations (43) through (50) imply α = α(a), β = β(a,R, φ), γ = γ0 , where γ0 is a constant.
Equation (44) then determines α as a linear function of the scale factor, viz.,
α = α0a (51)
and equation (44) gets reduced to
3α0h,φ + γ0h,φφ + BF ′′β,φ = 0. (52)
Equation (47) is then satisfied only for spatially flat k = 0 case and thus reduces to
3α0(F − F ′R) = βRF ′′ (53)
forcing β to be a function of R only, ie., β = β(R). Equation (48) then in view of equation (47) makes F (R) a
linear function of R as F (R) = F0R , F0 being a constant. Thus search for Noether symmetry for F
′′(R) 6= 0
again went in vain. Nevertheless, the coupling parameter h(φ) gets solved as,
h(φ) = F0e
−
φ
φ0 (54)
where, φ0 =
γ0
3α0
is a constant. Equation (49) is then trivially satisfied while equation (50) yields the following
form of the potential,
V (φ) = V0e
−
φ
φ0 . (55)
The above forms of the potential V (φ) and the coupling parameter h(φ) along with the conserved current had
been found earlier by de Souza and Kremer [23] as a consequence of Noether symmetry for linear gravity and
further, they had explicitly studied the cosmological evolution. Hence, we leave our discussion here. Nonetheless,
we observe that F (R) theory of gravity does not admit Noether symmetry even for a general Born-Infeld action
and so our earlier conclusion that ‘it is not possible to find a form F (R) other than the trivial and very special
one (R
3
2 ) by imposing Noether symmetry’ - stands.
4 On the absence of Noether symmetry and exploring the special
feature of R
3
2
We have mentioned that starting from F (R) = R2 a-priori, Noether symmetry is obtainable for a scalar-tensor
theory of gravity [24]. Further it has been proved that F (R) = R2 leads to a scale invariant action [25]. So, it is
expected that starting from arbitrary F (R) if Noether symmetry is claimed, it should end up with F (R) ∝ R2 .
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But we have not been able to recover this result. This contradiction puts up doubt in treating R as an auxiliary
variable for canonical formulation of F (R) theory of gravity, since an auxiliary variable Q different from R has
been considered for canonical formulation of R2 theory of gravity. Let us briefly describe the issue.
In the quantum domain observable depends on the choice of momentum, while momentum is different for
different choice of auxiliary variable. The canonical formulation of R2 gravity in view of the auxiliary variable
Q = ∂A
∂h¨ij
(A being the action) leads to a Schro¨dinger like quantum dynamics, with a hermitian effective Hamilto-
nian leading to the straightforward probability interpretation [27, 28, 29, 30, 31, 32], provided the total derivative
terms in the action are taken care of a-priori. From metric variation principle it is known that R2 theory of
gravity must be supplemented by a boundary term Σ = 4β
∫
(4R)K
√
h d3x , where symbols have their usual
meaning. It was shown [31, 32] that to obtain Schro¨dinger like quantum equation as mentioned, it is required first
to express the action in terms of the first fundamental form hij and then to split the above boundary term into
Σ = σ1 + σ2 where, σ1 = 4β
∫
(3R)K
√
h d3x and σ2 = 4β
∫
(4R −3 R)K
√
h d3x . Canonical programme then
follows by eliminating the available total derivative term from the action, which gets cancelled with the boundary
term σ1 , and then introducing the auxiliary variable, Q =
∂A
∂h¨ij
, as suggested by Horowitz [33] thereafter. Thus
Q is different from R in the R2 theory of gravity. It is not possible to follow such technique for an action
containing a general F (R) theory of gravity. It is also important to mention that classical field equations require
derivative of momentum and so arbitrary choice of auxiliary variable reproduces correct classical field equations.
However, as for quantization one requires momentum (rather than its derivative, which is the reason for obtaining
different quantum dynamics with different auxiliary variables) likewise, for Noether symmetry one again requires
momentum instead of its derivative and this may be the reason why it could not reproduce Noether symmetry
for F (R) = R2 theory of gravity already available in the literature [24]. All the beauty of F (R) theory of gravity
observed in the context of cosmological data fitting are outcome of scalar-tensor equivalence, since otherwise it is
almost impossible to find exact solutions. Scalar-tensor equivalence is a mathematical artifact and it gives totally
different quantum description [34] in comparison to one discussed earlier [30, 31]. The difference at the classical
level has also been established to some extent [35], [36]. Thus the prospect of F (R) theory of gravity appears to be
at stake, unless one can find a better way out to handle the theory. Indeed a better technique has been expatiated
earlier by finding a general (non-Noether) conserved current for F (R) theory of gravity being minimally coupled
to scalar-tensor theory of gravity [37]. The technique was also found useful to extract exact solutions of the theory
[12, 38].
The obvious question is - how then F (R) ∝ R 32 had been found in vacuum and in radiation dominated era?
Let us brief the beauty of F (R) ∝ R 32 in isotropic space-time [11]. Remember that in metric variation technique,
the field equations are obtained by varying the action with respect to gµν , while the scale factor (a =
√
hij )
is taken as the basic variable to express the canonical action. Instead, if we take hij = a
2 = z to be the basic
variable then R = 6( z¨2z +
k
z ) and so the action
A =
∫ √−gd4xF (R) + 2 ∫
Σ
√
hF,RKd
3x (56)
for F (R) = R
3
2 reads
A = 3
√
3
∫
(z¨ + 2k)
3
2 dt− 2
∫
σ
3
2
z
3
2
√
RKd3x (57)
Introducing an auxiliary variable
Q =
∂A
∂z¨
=
9
√
3
2
(z¨ + 2k)
1
2 (58)
(which is clearly different from R) in the action, and removing appropriate surface terms, the canonical form of
the action is
A =
∫ [
−Q˙z˙ + 2kQ− 4Q
3
729B2
]
dt (59)
Clearly z is cyclic and a Noether conserved current
d
dt
(a
√
R) = constant (60)
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is apparent, which may be solved trivially to yield
a = [a4t
4 + a3t
3 + a2t
2 + a1t+ a0]
1
2 (61)
while Q variation equation only reproduces the definition of Q given above. Thus F (R) = R
3
2 leads to a
trivial Noether current when viewed in terms of the basic variable hij . The above solution obtained by several
authors clearly leads to power law inflation. It is also admissible in the matter dominated era, leading to present
acceleration, but early deceleration remains absent.
5 Handling F (R) theory of gravity in view of a general conserved
current
In the absence of Noether symmetry of F (R) theory of gravity coupled to tachyon field, even if a suitable form of
F (R) is chosen by hand, it is extremely difficult, if not impossible to find exact solution. However, in the literature
there exists a technique to find a conserved current for nonminimally coupled scalar-tensor theory of gravity [39]
and also for F (R) being minimally coupled to a non-minimal scalar-tensor theory of gravity [12, 37, 38]. This
conserved current has been found useful to extract solutions. Here, we explore the same corresponding to the
action (40). We first briefly review the issue of conserved current already explored [12, 37, 38]. The field equations
corresponding to the following action containing scalar tensor theory of gravity in the presence of F (R)
A =
∫ [
h(φ) R+BF (R)− ω(φ)
φ
φ,µ φ
,µ − V (φ) − κLm
]√−g d4x, (62)
are
h
(
Rµν − 1
2
gµνR
)
+ h;α;αgµν − h;µ;ν −
ω
φ
φ,µφ,ν +
1
2
gµν
(
ω
φ
φ,αφ
,α + V (φ)
)
+B
[
F ′Rµν − 1
2
Fgµν + (F
′)
;α
;α gµν − (F ′);µ;ν
]
=
κ
2
Tµν
(63)
Rh,φ + 2
ω
φ
φ;µ;µ +
(
ω,φ
φ
− ω
φ2
)
φ,µφ,µ − V,φ(φ) = 0 (64)
The trace of equation (63) is the following,
Rh− 3h;µ;µ −
ω
φ
φ,µφ,µ − 2V −B[RF ′ + 3(F ′)− 2F ] = −κ
2
T µµ . (65)
Now eliminating the first term between equations (64) and (65), then substituting h = h,φφ
,µ
;µ+h,φφφ,αφ
,α and
following a little algebra, one can arrive at the following equation
[
(3h2,φ + 2h
ω
φ
)
1
2φ;µ
]
;µ
+
(
3h2,φ + 2h
ω
φ
)− 12 [
Bh,φ[RF
′ + 3(F ′)− 2F ]− κ
2
h,φ T
µ
µ − h3
(
V
h2
)
,φ
]
= 0. (66)
In view of which one can conclude that under the following condition,
B[RF ′ + 3(F ′)− 2F ] = κ
2
T µµ +
h3
h,φ
(
V
h2
)
,φ
(67)
there exists a conserved current Jµ , where
Jµ;µ =
[(
3h2,φ + 2h
ω
φ
) 1
2
φ;µ
]
;µ
= 0. (68)
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Further, assuming V ∝ h2 , one finds that the condition (67) for the existence of the conserved current does not
depend on the scalar field and the choice of potential. Thus, the cosmological evolution only depends on the form
of F (R), which may be chosen by hand. Note that T µµ vanishes in vacuum and radiation dominated era and so in
these era the fluid distribution does not play any role. In fact if one takes (say for example) F (R) ∝ R2 , power law
inflation is realized in vacuum era. Inflation makes the space-time flat and so assuming k = 0 in the isotropic and
homogeneous metric, the cosmological evolution of the scale factor in the radiation era, behaves like Friedmann
solution (a ∝ √t). Thus higher order curvature invariant term does not affect Baryogenesis, Nucleosynthesis and
Structure formation (see [38]). Let us now turn our attention to find similar conserved current corresponding to
the action (40) containing tachyonic field. The field equations corresponding to the action (40) containing a matter
part in addition are the following
h
(
Rµν − 1
2
gµνR
)
+hgµν − h;µ;ν + B
[
F ′Rµν − 1
2
Fgµν + (F
′) gµν − (F ′);µ;ν
]
=
1
2
(Tµν + Tµν) . (69)
Rh,φ +
(
ζV φ,α√
1 + ζφ,µφ,µ
)
,α
− V,φ
√
1 + ζφ,µφ,µ = 0, (70)
where, Tµν is the energy-momentum tensor for the Tachyon field given by
Tαβ = gαβV (φ)
√
1 + ζφ,µφ,µ − ζV φαφβ√
1 + ζφ,µφ,µ
(71)
while Tµν is that for usual the matter field. Trace of equation (69) is
Rh− 3h− B[RF ′ + 3F ′ − 2F ] = −1
2
(T µµ + T µµ ) . (72)
Now eliminating the first terms between equations (70) and (72) we obtain
(
3h2,φ +
ζV h√
1 + ζφ,µφ,µ
)
φ,α;α + 3h,φh,φφφ,αφ
,α +
ζhV,φφ,αφ
α√
1 + ζφ,µφ,µ
+
ζV hφ,α
(
√
1 + ζφ,µφ,µ),α
+
ζV h,φφ,αφ
,α
2
√
1 + ζφ,µφ,µ
− 2V h,φ
√
1 + ζφ,µφ,µ − V,φh
√
1 + ζφ,µφ,µ + h,φ
[
B(RF ′ + 3F ′ − 2F )− T
µ
µ
2
]
= 0
(73)
where, we have substituted h = h,φφ
,µ
;µ + h,φφφ,αφ
,α and the trace T µµ of the energy-momentum tensor corre-
sponding to the Tachyon field. The above equation can be rearranged as,
[(√
3h2,φ +
ζV h√
1 + ζφ,µφ,µ
)
φ,α
]
;α
+
(
3h2,φ +
ζV h√
1 + ζφ,µφ,µ
)− 12
×

h,φ
(
B
(
RF ′ + 3F ′ − 2F
)
− T
µ
µ
2
)
+
ζh
2
(
V√
1 + ζφ,µφ,µ
)
;α
−
√
1 + ζφ,µφ,µh
3
(
V
h2
)
,φ

 = 0
. (74)
One can now conclude that there exists a conserved current
Jα;α =
[(√
3h2,φ +
ζV h√
1 + ζφ,µφ,µ
)
φ,α
]
;α
=
1√−g
[(√
3h2,φ +
ζV h√
1 + ζφ,µφ,µ
)
φ,α
√−g
]
,α
= 0 (75)
provided

h,φ
(
B
(
RF ′ + 3F ′ − 2F
)
− T
µ
µ
2
)
+
ζh
2
(
V√
1 + ζφ,µφ,µ
)
;α
−
√
1 + ζφ,µφ,µh
3
(
V
h2
)
,φ

 = 0. (76)
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Note that treating the scalar curvature R as a single variable, we had only a couple of equations, (69) and
(70) to solve R,F (R), φ, h(φ) and V (φ). So for exact solution we require altogether three physically reasonable
assumptions. Above conserved current has been constructed out of the two field equations. So taking one of the
field equations (say 70), the conserved current (75) and the condition (76) altogether gives us three equations.
We therefore need two more assumptions to extract exact solution for the system. One of these may be set by
separating the condition (76), so that cosmic evolution, ie., the solution of R becomes field independent and
depends only on the form of F (R) chosen by hand, as before. Thus, we separate the condition (76) for the
existence of the conserved current as,
B
(
RF ′ + 3F ′ − 2F
)
=
T µµ
2
(77)
ζh
2
(
V√
1 + ζφ,µφ,µ
)
;α
−
√
1 + ζφ,µφ,µh
3
(
V
h2
)
,φ
= 0 (78)
since h,φ 6= 0. Clearly the condition (67) (under the choice V ∝ h2 ) is the same as obtained here in (77).
Therefore, the cosmological evolution is independent of choice of the field, even if it is tachyon. Thus we have
completed our goal to find a general conserved current for tachyonic field such that, the cosmological evolution
does not depend on the field and the choice of potential at all. Finally, as soon as a form of F (R) would be chosen
by hand one can, in principle, have explicit solution of the field equations under consideration. It is important to
note that the cosmological evolution is dictated only by the form of F (R) and it does not in any way depend on the
linear curvature invariant term. In the following we shall take up Robertson-Walker line element (6) to explicitly
demonstrate the applicability of the treatment developed. Equation (74) states that there exists a conserved
current, viz.,
a3φ˙
√√√√3h2,φ + ζV h√
1− ζφ˙2
= C (79)
C being a constant, provided
ζφ˙φ¨+ (1− ζφ˙2)
[
φ˙− 2
ζ
(1− ζφ˙2)
]V,φ
V
+
4
ζ
(1− ζφ˙2)2 h,φ
h
= 0 (80)
and
B[RF ′ + 3F ′ − 2F ] = 1
2
T µµ . (81)
Note that if matter part (Tµν ) is ignored for the time being, still we have a couple of independent field equations
to solve for F (R), h(φ), V (φ), φ(t) and the scale factor a(t). Thus it is required to make at least three physically
reasonable assumptions to obtain explicit solutions of the system under consideration. Here, to obtain the conserved
current, we have essentially made two assumptions viz., (80) and (81). Therefore, if a form of F (R) is assumed,
one can solve (81) for the scale factor a(t) and the rest three viz., h(φ), V (φ) and φ(t) may be solved in view
of the conserved current (79), equation (80) and one of the field equations (say, 70). Interestingly enough, in the
process curvature part (81) is decoupled from the field under consideration and the solution of the scale factor
which emerges from equation (81) ie., the cosmic evolution remains independent of the form of field chosen. For
example, in the flat case k = 0, it has been shown [38] that for F (R) = R2 equation (81) leads to power law
inflationary solution in the vacuum dominated era, a ∝ √t in the radiation dominated era (T µν = 0), which is the
result of the standard Friedmann model, despite strong coupling with Tachyon field has been incorporated and
a ∝ t 43 in the matter dominated era (p = 0). On the other hand, if F (R) = R 32 is chosen [12], equation (81) leads
to a ∝ √t in the radiation dominated era and a ∝ t emerges as a particular solution in matter dominated era .
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6 Weak energy Limit
Indeed, it is true that solar system puts up severe constraints on alternative theories of gravity [40, 41]. For an
action
A =
∫ √−gd4xRn
the gravitational potential [42] in the weak field limit [43] is found as
Φ(r) = −Gm
2r
[
1 +
(
r
rc
)β]
where, rc is an arbitrary parameter varying within the range (1− 104)AU taking into account the velocity of the
earth to be 30 Km s−1 [40] while β is related to n as
β =
12n2 − 7n− 1−√36n4 + 12n3 − 83n2 + 50n+ 1
6n2 − 4n+ 2
Clearly, for n = 1, β = 0 and Newtonian gravitational field is recovered. For n = 32 , β ∼ 0.5 Newtonian limit is
not realized and such value of β is ruled out from light bending data in the sun limb and planetary periods [40].
Here, we provide additional constraint required to fit Newtonian limit for the more general action (40) being
supplemented by ordinary matter action. In weak field approximation gµν = ηµν + hµν , where |hµν | ≪ 1.
Retaining only linear terms in hµν we have
Rµν ≃ 1
2
hµν and R ≃ 1
2
h, where h = hµµ (82)
along with the time-time component of field equation (63) taking F (R) = R
3
2 as
(
R00− 1
2
g00R
)−BR1/2(3R00−Rg00)− 3B
2
R−
3
2
[(
RR− 1
2
R;λR
;λ
)
g00+RR;0;0− 1
2
R;0R;0
]
= T00+T00, (83)
provided φ→ constant with the expansion, so that h(φ)→ 116piG with the cosmic evolution. Under such constraint,
equation (83) in static background spacetime retaining only linear term in hµν yields
▽
2h00 ≃ ρe. (84)
where, ρe = ρ + ρT is the effective matter density, ρ and ρT being the matter density corresponding to the
pressureless dust and tachyonic field respectively. Considering next higher order term in hµν , equation (83) gives
▽
2h00 − 3B
√
1
2
▽2h
(
▽
2h00 − 1
6
▽
2h
)
≃ ρe. (85)
Since at low energy limit Poisson equation is obtained, so Newtonian gravity is valid at weak energy limit. Nev-
ertheless, to pass solar test, an additional constraint h(φ)→ 116piG under weak field approximation is required.
7 Concluding remarks
Earlier attempts to find Noether symmetry for F (R) theory of gravity in vacuum and matter dominated era lead
to F (R) ∝ R 32 [6, 7, 8, 9, 10, 11]. Such a form is not suitable to explain presently available cosmological data
[11]. Search of a better form of F (R) taking a minimally or non-minimally coupled scalar field into account failed
to produce symmetry [12]. Apparently, it’s not a problem, since not all actions admit symmetry. But then, such
a symmetry for F (R) ∝ R2 already exists in the literature where an auxiliary variable Q different from R was
introduced for the purpose of canonization [24]. Further, F (R) ∝ R2 leads to a scale invariant action [25]. Hence
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the result should have been reproduced from F (R) theory of gravity. Canonization of the action, treating R as
the auxiliary variable creates problem in quantum domain, while canonical formulation of a general F (R) theory
of gravity is possible only by treating R as an auxiliary variable, and so we presume that it might be the root of
trouble.
Earlier, some authors [13] have claimed that F (R) in vacuum admits Noether symmetry for arbitrary power of
R , if a gauge term is introduced. Such a claim is not true since neither all Noether equations are satisfied nor the
conserved current thus obtained satisfies the Hamilton constraint equation [14]. There is yet another more recent
claim that Noether symmetry exists for F (R) ∝ R2 , in the presence of tachyon field [15]. Here, we show that
not only the conserved current does not satisfy the field equations, but also the Hamiltonian is not constrained to
vanish, which is fundamental of the theory of gravitation. We have also taken up a more general action in section
3 and found that Noether symmetry is not allowed for F (R)′′ 6= 0. Since all attempts to find Noether symmetry
for F (R) theory of gravity (other than the trivial one, viz., F (R) ∝ R 32 ) so far has failed, we conclude that it is
not possible to find a form of F (R) by demanding Noether symmetry.
To handle F (R) theory of gravity in the presence of Tachyonic field, we have presented a general conserved
current in section 5, which is different from one obtained earlier for F (R) being coupled to scalar tensor theory of
gravity [12, 37, 38]. However, one of the conditions required for such conserved current, containing higher order
curvature invariant terms, remains unaltered. This part is decoupled from the matter field and may be solved
in principle, for the scale factor a(t) independently, choosing a suitable form of F (R) by hand. Thus cosmic
evolution remains independent of the choice of the field (Tachyon or scalar field). The conserved current obtained
in the process might be an outcome of some higher symmetry, which is not known at present.
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